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Year 1: L1.1 Pion DA and connection to DVMP  - ANL (Yong Zhao) 

Year 2: L2.1 Framework for GPDs within short-distance factorization - WM (Kostas Orginos) 

Year 3: L3.1 Calculation of Quark Spin and Trace Anomaly - UKY (Keh-fei Liu) 
 L3.2 Calculation of Pion GPDs - SUNY (Sergei Syritsyn) 

Year 4: L4.1 Nucleon twist-2 GPDs with controlled  uncertainty - JLab (David Richards) 
 L4.2 Framework and evaluation of twist-3 GPDs and quark AM - Temple (Martha Constantinou) 
 L4.3 GFF at physical  with controlled finite vol and excited state - MIT (Phiala Shanahan) 

Year 5: L5.1 Implementation of lattice FFs and GFFs in global amplitude analysis - MIT (Will Detmold) 
             L5.2 Framework/implementation of LQCD twist-2/twist-3 GPDs in global analysis - WM (Chris Monahan)

mπ

mπ

Post-docs (PD): 
ANL: Xiang Gao 
BNL: Raza Sufian 
JLab: Joe Karpie,  
CNF: Fatma Aslan  
UKY: Bigeng Wang 
WM: Herve Dutrieux 

Graduate Students (GS): 
UMD: Yushan Su, Jinchen He 
Temple: Joey Delmar, Josh Miller, Joey Torciello 
WM: Chris Chamness, Daniel Kovner, Alex Sturzu 

Milestones are not a straightjacket, but what we must do………..

Cross-pollination

The Big Picture
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R.Zhang, Y.Zhao et al. (in preparation)
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LaMET or Quasi-PDF

SDF or Pseudo-PDF 

X. Ji, Phys. Rev. Lett. 110, 262002 (2013).

X. Ji, J. Zhang, and Y. Zhao,  Phys. Rev. Lett. 111, 112002 (2013).

J. W. Qiu and Y. Q. Ma, arXiv:1404.686.

A.Radyushkin, Phys. Rev. D 96, 034025 (2017)
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h0|d̄(�z/2)�⇢�5u(z/2)|⇡(p)i

Spatially separated 

JLab@12 GeV and EIC

See also D.Kovner et al., arXiv:2401.06858
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Pion Distribution Amplitude

First year lattice milestone 
Pion Distribution Amplitude describes internal structure in Exclusive Processes, e.g. Electromagnetic Form 
Factors, at high momentum Transfers; DVMP

Phys.Lett.B 852 (2024) 138617

H.T.Ding et al., arXiv:2404.04412

LaMET calculation with chiral fermions and physical 
pion mass on a fine lattice

NLL Threshold resumption
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Perturbatively calculableComputed on lattice Ioffe-time Distribution
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Pseudo-PDF approach

Need data for all ν, or additional physics 
input

Explore the non-perturbative evolution of non-singlet PDF within short-distance factorization approach.

H.Dutrieux et al., J. High Energy Phys. 2024, 61 (2024)

Introduce step-scaling function

<latexit sha1_base64="sSuVPMDED1tz5tJ7s6bPFCCy2ro="></latexit>

M(⌫; z1) =

Z 1

0
d↵⌃(↵; z20 , z

2
1)M(↵⌫; z20)

Example extraction of step-scaling function using Bayesian reconstruction
Calculations in small volume + step 
scaling: increased range of  ν

4

Framework for GPDs (L2.1 + most everything)

Ioffe time ν = p . z
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Calculation of Moments of GPDs (L2.1)
Use Operator Product Expansion (OPE) of non-local operators  at short distances to obtain Mellin Moments of the GPDs - 
or Generalized Form Factors 

S.Bhattacharya et al., Phys.Rev.D 108 
(2023) 1 014507

17

FIG. 14. The fifth moments A50 and B50 for iso-vector (upper panels) and iso-scalar (lower panels) as a function of �t. The
error bars include both statistical errors and systematic errors. The bands come from two di↵erent parametrizations using two
ranges of �t.
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Taking into account the E GPDs, one can explore the unpolarized quarks distribution inside a transversely polarized
proton [7], defined as,

q
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Z
d
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[H(x,�~�2

?
) + i
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2M

@

@by
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where we denoted the Fourier transform of E(x,�~�2) by qE(x,~b?), and the proton is transversely polarized in the x

direction. These impact parameter-dependent parton distributions (IPDs) allow us to visualize the three-dimensional
structure of the parton distribution inside the proton, taking into account both longitudinal momentum and transverse
position. The qT (x,~b?) also have a relation to the Sivers distributions [146–148]. In this work, we derived the moments

of the H and E GPDs, which enabled us to infer the moments of q(x,~b?) and q
T (x,~b?),
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d
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Since Fourier transforms require full information of�t 2 [0,1], we utilized our dipole fit result from�t 2 [0, 1.5] GeV2,
which was found to describe the data up to 2.77 GeV2 and will model the �t ! 1 behavior. We excluded the
contribution from B

u+d
n+1,0, as these data were mostly consistent with zero in our calculations. We then will compute

the impact space distribution for up and down quarks as a function of ~b? for both ⇢n+1(~b?) and ⇢
T
n+1(~b?), with n

ranging from 0 to 3. We excluded the n = 4 case since Bu+d
50 and B

u�d
50 are both noisy and consistent with 0, although

a reasonable signal was observed for A
u+d
50 and A

u�d
50 . The flavor separation is derived by a linear combination of

our iso-vector and iso-scalar results. We note again that our analysis did not account for the disconnected diagram

Extraction of higher moments precluded using local operators
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Transform to impact-
parameter space: 
narrowing of 
distribution with 
increasing moment

Moments of GPDs - II
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Key role is played by the trace-anomaly and its form factors
<latexit sha1_base64="NcQgTcyAcnq+pCMuxKYnh8KaIWE="></latexit>

hp0|Tµ
µ |pi = m⇡F (Q2) for case of pion, and the mass at  Q2 = 0.

QCD Collaboration, B.Wang et al., 
arXiv:2401.05496, PRD (to appear)
χ

Gluon trace anomaly in

Pion and Nucleon

Requested DOE Highlight

Trace-Anomaly Form Factors (L3.1)
• Understanding the distribution of charge, spin and mass within a hadron is a fundamental goal of NP.

• Knowledge about internal mechanical properties encapsulated in the energy-momentum tensor
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Gravitational form factors are given by the matrix elements of the (symmetrised) energy-momentum tensor within a 
hadron.


We can look at the Lorentz structure to learn more about the mechanical properties


For pion, they decompose as Mechanical properties

Pressure distn 

Complete flavor and gluon 
decomposition; renormalized to RI-
mom

Clover-fermion computation at mπ = 170 MeV
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Observation: smaller mass 
radius than charge radius

Proton “radii”

D.C.Hackett et al., Phys.Rev.D 108 
(2023) 11, 114504

D.C.Hackett et al., arXiv:2310.08484

PionPion

Joint Theory-Expt Review

V.Burkert et al., Rev. Mod. Phys. 95 (2023) 4, 041002

Requested DOE Highlight

Gravitational Form Factors (L4.3)

<latexit sha1_base64="6mtEQ2Tp/qYby/673a00LA5spUQ="></latexit>

h⇡(p0) | T̂µ⌫ | ⇡(p)i = 2PµP ⌫A⇡(t) +
1

2
[�µ�⌫ � gµ⌫�2]D⇡(t)
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First calculation of twist-3 axial GPDs within LaMET
S. Bhattacharya et al., PHYSICAL REVIEW D 108, 054501 (2023) 

(outgoing) hadronic state in Eq. (1) is characterized by its
4-momentum piðpfÞ and helicity λðλ0Þ. We define the
kinematic variables:

P¼1

2
ðpiþpfÞ; Δ¼pf−pi; ξ¼

pþ
i −pþ

f

pþ
i þpþ

f
; t¼Δ2;

ð3Þ

where P denotes the average 4-momentum of the hadrons,
while Δ represents the 4-momentum transfer to the hadron.
The skewness variable ξ, defined here for hadrons with a
large light-cone plus momentum, signifies the longitudinal

momentum transfer to the hadron. In the “symmetric
frame” of reference, defined by P⃗⊥ ¼ 0, we can obtain
the following expression for t for a nonzero transverse
momentum transfer Δ⃗⊥:

t ¼ −
1

1 − ξ2
ð4ξ2m2 þ Δ⃗2

⊥Þ; ð4Þ

with m denoting the nucleon mass. Within the scope of
twist-3, the correlator involving Γ ¼ γμγ5 in Eq. (1) can be
parametrized in terms of six distinct axial-vector GPDs. In
momentum space, one finds [57]

F½γμγ5&ðx;ΔÞ ¼ 1

2Pþ ūðpf; λ0Þ
!
Pμ γ

þγ5
Pþ H̃ðx; ξ; tÞ þ Pμ Δþγ5

2mPþ Ẽðx; ξ; tÞ þ Δμ
⊥
γ5
2m

"
Ẽðx; ξ; tÞ þ G̃1ðx; ξ; tÞ

#

þ γμ⊥γ5
"
H̃ðx; ξ; tÞ þ G̃2ðx; ξ; tÞ

#
þ Δμ

⊥
γþγ5
Pþ G̃3ðx; ξ; tÞ þ iεμν⊥Δν

γþ

Pþ G̃4ðx; ξ; tÞ
$
uðpi; λÞ: ð5Þ

The GPDs H̃ and Ẽ characterize the twist-2 contribution
of the correlator with μ ¼ þ, while the GPDs G̃i (i ¼ 1, 2,
3, 4) come into play at twist-3 accuracy if μ represents
a transverse index. Additionally, εμν⊥ ≡ ε−þμν ¼ ε03μν,
where we adopt the convention ε0123 ¼ 1. We point out
that Eq. (5) remains applicable in the position space, with
the understanding that the arguments of the GPDs are

transformed from ðx; ξ; tÞ to ðz; ξ; tÞ. Note that different
conventions for twist-3 light-cone GPDs are available in the
literature [13,62]; see also Ref. [59] where the relations
between several definitions can be found.
Now, let us shift our focus to quasi-GPDs, which are

defined through the equal-time correlator [18]

F½Γ&ðx;Δ;P3Þ ¼ 1

2

Z
dz3

2π
eik·zhpf; λ0jψ̄

%
−
z
2

&
ΓW

%
−
z
2
;
z
2

&
ψ

%
z
2

&
jpi; λijz0¼0;z⃗⊥¼0⃗⊥

; ð6Þ

where the Wilson line is given by

W
%
−
z
2
;
z
2

&''''
z0¼0;z⃗⊥¼0⃗⊥

¼ P exp
%
−ig

Z z3
2

−z3
2

dy3A3ð0; 0⃗⊥; y3Þ
&
: ð7Þ

The counterpart of Eq. (5) is

F½γμγ5&ðx;Δ;P3Þ ¼ 1

2P3
ūðpf; λ0Þ

!
Pμ γ

3γ5
P0

FH̃ðx; ξ; t;P3Þ þ Pμ Δ3γ5
2mP0

FẼðx; ξ; t;P3Þ þ Δμ
⊥
γ5
2m

FẼþG̃1
ðx; ξ; t;P3Þ

þ γμ⊥γ5FH̃þG̃2
ðx; ξ; t;P3Þ þ Δμ

⊥
γ3γ5
P3

FG̃3
ðx; ξ; t;P3Þ þ iεμν⊥Δν

γ3

P3
FG̃4

ðx; ξ; t;P3Þ
$
uðpi; λÞ; ð8Þ

where FX is the notation for quasi-GPDs. In Ref. [63], it
was proposed to define the quasicounterpart of H̃ and Ẽ
using Γ ¼ γ3γ5. The underlying argument was that γ3γ5
does not mix with other operators during renormalization,
where this mixing is regarded as a lattice artifact.
Reference [29] argued that with this definition, it is

necessary to replace γþγ5=Pþ → γ3γ5=P0 in the prefactor
of H̃ to ensure consistency with the forward limit. This
adjustment serves to justify the corresponding prefactors
outlined in Eq. (8). In the context of twist-3 GPDs, an
important question arises concerning the selection of the
prefactor for G̃3=4. Specifically, the debate centers around

CHIRAL-EVEN AXIAL TWIST-3 GPDS OF THE PROTON FROM … PHYS. REV. D 108, 054501 (2023)

054501-3

 and  occur at twist 2;  at twist 3H̃ Ẽ G̃i

−t ¼ 1.38 GeV2 and −t ¼ 2.76 GeV2. We observe that the
−t dependence of Ẽþ G̃1 is stronger than for H̃ þ G̃2. This
may be an indication of the pion pole expected in Ẽ [77],
which cannot be isolated from the lattice data at zero
skewness. Further investigation is required to address the
pion pole indication. The −t dependence of G̃4 is shown in
Fig. 15, which follows the same hierarchy as H̃ þ G̃2 and
Ẽþ G̃1. We remind the reader that, presently, lattice-QCD
calculations are not reliable for extracting the small-x
region (x≲ 0.15), nor the antiquark region, regardless of
the twist level. Therefore, conclusions about these regions
are not reliable.
One can extract G̃2, which cannot be obtained directly

from lattice data but may be isolated from the data on
H̃ þ G̃2 and its twist-2 counterpart, H̃, which we also
calculate in this work following the same setup. The P3 and
−t dependence of G̃2 is shown in Fig. 16. In summary, there
is no P3 dependence, while the −t dependence is non-
monotonic and depends on the range of x. Furthermore, it is
observed that G̃2 becomes negative in the positive x region.
Such observation is not an artifact of the matching, as the
same feature holds for FG̃2

in the x space. In fact, this is not

FIG. 13. P3 dependence of G̃4 at −t ¼ 0.69 GeV2 and
P3 ¼ 0.83, 1.25, 1.67 GeV. The results correspond to
zmax ¼ 11a. Results are given in the MS scheme at a scale of
2 GeV. The bands correspond to the statistical errors and the
systematic uncertainty due to the x-dependent reconstruction.

FIG. 14. H̃ þ G̃2 (left) and Ẽþ G̃1 (right) and P3 ¼ 1.25 GeV for various values of −t. Results are given in the MS scheme at a scale
of 2 GeV. The bands correspond to the statistical errors and the systematic uncertainty due to the x-dependent reconstruction.

FIG. 12. P3 dependence of H̃ þ G̃2 (left) and Ẽþ G̃1 (right) at −t ¼ 0.69 GeV2 and P3 ¼ 0.83, 1.25, 1.67 GeV. The results
correspond to zmax ¼ 11a. Results are given in MS scheme at a scale of 2 GeV. The bands correspond to the statistical errors and the
systematic uncertainty due to the x-dependent reconstruction.

SHOHINI BHATTACHARYA et al. PHYS. REV. D 108, 054501 (2023)
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Framework and Analysis of Twist-3 GPDs… (L4.2)
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The culmination of QGT is a framework where LQCD + Expt can provide a more faithful description of hadron 
structure than either alone.

Does QCD admit negative solutions  ?Δg(x) < 0

0 5
�

0.0

0.5

M
(
�
,z

2 3
)

Before LQCD

0 5
�

0.0

0.5
After LQCD

�g > 0

�g < 0

FIG. 5. Comparison of LQCD data with Eq. 11 using hPDF from global analysis without LQCD

data (left) and with LQCD data (right).

productions to discriminate against the negative solutions of �g.

Finally, in Fig. 7, we display the individual components of the gluon helicity PDF, namely

g" and g#. In the case of �g > 0, we observe violations of positivity, mostly for the spin anti-

aligned PDF g#, above x ⇠ 0.4. For the mirror version, �g < 0, this violation occurs earlier,

around x ⇠ 0.3, for the spin-aligned PDF g". As mentioned before, positivity constraints

are violated regardless of the sign of �g.

V. CONCLUSIONS

We have performed a new global analysis of spin-dependent parton distribution functions,

incorporating Io↵e time pseudo-distributions computed in lattice QCD, which directly probe

the gluon helicity PDF. Our analysis critically examines the overall agreement between data

and theory. We find that the inclusion of the LQCD data does not significantly alter the

quality of the results. At present, LQCD data do not definitively rule out the negative �g

solutions, which were recently found by the JAM collaboration at moderate values of x.

Nevertheless, we observe changes in the shape and magnitude of the gluon helicity PDF and

the quark sector. LQCD data reduces the magnitude of the negative �g solutions at high x,

leading to a sign change in the corresponding quark singlet solutions at x ⇠ 0.4, necessary

to describe the polarized jet data from RHIC.

17

Significant change in parametrization but insufficient to 
exclude negative solute in global analysis

Impact of LQCD on global analysis

Neural network analysis of 
lattice calculation

T.Khan,T.Liu and R.Sufian, 
Phys. Rev. D 108, 074502

J.Karpie et al., Phys.Rev.D 109 (2024) 3, 036031

Gluon Helicity Distribution

RHIC polarized jet, large-x JLab + LQCD eliminate negative solutions: N.Hunt-Smith et al., arXiv:2403.08117
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Coulomb gauge Computations of Hadron Structure
Calculations in Coulomb  Gauge (CG): higher off-axis momenta, absence of  divergence in Wilson line,… compared to 
Gauge Invariant (GI)

1/a
X.Gao, W-Y.Liu and Y.Zhao, arXiv:2306.14960 (PRD in press)

P
io

n 
P

D
F

D.Bollweg, X.Gao, S.Mukherjee, Y.Zhao, 
Phys.Lett. B852 (2024) 138617 

Collins-Soper kernel from the Coulomb gauge (CG) approach

Applied first to pion quark PDF

DWF Lattices at physical quark mass and fine lattice spacing

• Significantly improved precision compared to the gauge-
invariant (GI) approach


• Increased reach in transverse separations

• Good agreement with phenomenological determinations and 

recent GI calculation ASWZ24

Anticipate applying widely to 3D structure: TMDs, 
GPDs, GTMDs 

Application to quasi-TMDs: Y.Zhao, arXiv:2311.01391
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Year 1: L1.1 Pion DA and connection to DVMP  - ANL (Yong Zhao) 

Year 2: L2.1 Framework for GPDs within short-distance factorization - WM (Kostas Orginos) 

Year 3: L3.1 Calculation of Quark Spin and Trace Anomaly - UKY (Keh-Fei Liu) 
   L3.2 Calculation of Pion GPDs - SUNY (Sergei Syritsyn) 

Year 4: L4.1 Nucleon twist-2 GPDs with controlled  uncertainty - JLab (David Richards) 
 L4.2 Framework and evaluation of twist-3 GPDs and quark AM - Temple (Martha 
Constantinou) 
 L4.3 GFF at physical  with controlled finite vol and excited state - MIT (Phiala Shanahan) 

Year 5: L5.1 Implementation of lattice FFs and GFFs in global amplitude analysis - MIT (Will 
Detmold) 
            Framework/implementation of LQCD twist-2/twist-3 GPDs in global analysis - WM (Chris 
Monahan)

mπ

mπ

 = complete

 = significant progress

LQCD calculations that impact our understanding of tomography

15 Papers - 2 with experimental collaborators

Summary

Image courtesy https://icons8.com/


